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ABSTRACT 

We present an alternative to the Higgs mechanism to generate masses for non- 
abehan gauge fields in (3+l)-dimensions. The initial Lagrangian is composed of 
a fermion with current-current and dipole-dipole type self-interactions minimally 
coupled to non-abelian gauge fields. The mass generation occurs upon the fermionic 
functional integration. We show that by fine-tuning the coupling constants the 
effective theory contains massive non-abelian gauge fields without any residual 
scalars or other degrees of freedom. 



I. Introduction. 

The standard model has been widely accepted as the theory of electro-weak 
interactions. It has successfully accounted for all experiments to date, making it 
perhaps one of the greatest successes of modern theoretical physics. However, apart 
from the unknown value of the top quark mass, one of the present mysteries in the 
standard model is the absence of the Higgs particle in present experiments. This 
fundamental particle is a scalar, which relegates it as the only one in this category. 
Perhaps, we should see these arguments as indications for looking for alternatives 
to the Higgs mechanism for generating masses for the elementary fermions and 
vector bosons. 

Over the last twenty years, other mechanisms to account for mass generation in 
the standard model have been proposed such as technicolor theories \ and dynami- 
cal symmetry breaking via a top-quark condensate ^ in analogy with BCS theory of 
superconductivity and the Nambu-Jona-Lasinio mechanism in nuclear structure ^. 
The latter mechanism generates the Higgs particle (not as a fundamental particle) 
and its consequences with a four-fermion interaction. 

In (2-|-l)-dimensions, it is well-known that the addition of a topological Chern- 
Simons term to the gauge field kinetic part provides a mechanism for gauge fields 
mass generation without spoiling gauge invariance ^. In a relatively similar spirit, 
in (3+l)-dimensions, attempts to reproduce the Chern-Simons term involves a 
product of field strength F^p Fq.^. However, since this expression can be 

written as a total derivative, it cannot bring any modifications to physics. It 
is therefore necessary to introduce another field if we want to mimic the Chern- 
Simons mechanism in (3-|-l)-dimensions. For instance, Preedman and Townsend 
(F-T) and others have developed theories containing an antisymmetric tensor field 
coupled to an abelian gauge field ^,6,7,8 

^ = -\h'H, - \fI, + \me'^^'^\,F,p (1) 

where H^' = e'^'^"^9/3&,.a, 6^1. stands for an antisymmetric tensor field and F^i^ is the 
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field strength for tfie abelian gauge field. A generalization containing non-abelian 
gauge fields and non-abelian antisymmetric tensor fields is provided by F-T 

L = —AlK^^^^'^A - \{K^f - l-/^"X.F-^ (2) 

where A"^ = (Kf^r'^e'"'''^^ {d^bl^^ + ef'^A^^b'^^) , Rf''"'^ = gi^'^S''^ - gf''^^ei'''P''h''p„ 
and f"'^^ are the gauge group structure constants. The theory (1) describes a 
massive photon of mass m while the model (2) is equivalent to the classical model 
of massive non-abelian gauge fields of mass ^ where e and g are the coupling 
constants relative to gauge fields and antisymmetric tensor fields respectively. Both 
theories respect gauge invariance and have interesting vector gauge symmetries. 

Recently, a mechanism for photon mass generation in (3-|-l)-dimensions has 
been suggested which uses ideas present in the content of the abehan theory (1). 
The mechanism consists of a functional integration over fermions minimally coupled 
to a low-energy abelian gauge field. The fermions self-interacts via two types of 
contact interactions: current-current and dipole-dipole terms. An antisymmetric 
tensor field is introduced via the Hubbard-Stratonovich transformation to perform 
the fermion's integration. After imposing conditions on the coupling constants of 
the theory, it is possible to write the low-energy effective action as the abelian 
model discussed in Ref.[5,6,7,8], which reproduces a massive abelian gauge field. 

Since the massive mediators of forces present in the weak interactions are known 
to be of non-abelian nature, it is perhaps a good idea to reproduce the above 
argument generalized to the case of non-abelian gauge fields. Thus we begin in 
section II with the definition of our model at the high-energy scale A. In section 
III, we integrate the fermions up to energy A where new physics could occur. In 
section IV, we collect the radiative corrections, find the effective current at low- 
energies and write the low-energy effective theory for the gauge and tensor fields. 
In the appendix, we analyze the physical content of the resulting gauge invariant 
theory. 

II. High-energy model at the scale A. 



3 



We begin with the following non-renormalizable but SU(N) gauge invariant 
Lagrangian at the high-energy scale A in which a fermion field is minimally coupled 
to non-abelian gauge fields 

C = -^trF^^F^'^ + i^iilp - m)i^ - gitrj^f - 921^3^^^" (3) 

where = — igA^ is the covariant derivative. The non-abelian gauge fields 
are defined by = A^T"" where are the Lie algebra generators obeying the 
commutation relations [T°',T^] = iC'^^'^T'^ and the trace relation tr(T''T'^) = ^5'^^. 

The last two quantities in (3) are the current-current and dipole-dipole 
fermionic self-interactions. The four- vector current and the dipole current are 
given respectively by = T"* and j^i^ = 3%T°' with components 

(4) 

both of which transform in the adjoint representation of the SU(N) gauge group, 
that is 

(5) 

with the usual transformations on fermion field and gauge fields 

4 = Um,U-\9) - '-{d,U{9))U'\9) (6) 
F'^, = U{9)F^,U-\9) 

It is easy to see that the Lagrangian (3) is invariant under the transformations 
(5)-(6) . The mass dimensions of the fields are [-0] = 3/2, [A^] — 1, and [g] — 0, 
[gi] — [g2\ — —2 for the coupling constants. 
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In components, the Lagrangian (3) can be written as 

(7) 

where the field strength is given by 

= d^At - d,Al + gC-'^'AlAl (8) 

This model is interesting because of the form of the dipole-dipole interaction, which 
makes it different from the one studied in Ref . [2] . 

From now on, for definiteness and due to obvious potential applications, we will 
consider only the SU(2) gauge group with the usual su(2) Lie algebra given by the 
Pauh matrices T°- — a — 1,2,3 and structure constants given by C*^*^ = e'*'"^. 

We next apply the Hubbard- Stratonovich transformation by introducing auxil- 
iary non-abelian antisymmetric tensor fields b^iy, which belong also in the su(2)-Lie 
algebra, transform according to the adjoint representation and have mass dimen- 
sion [6^^] = 1. Their introduction permit us to rewrite the dipole-dipole interaction 
as 

-f (^^^'^75y^)' - -^/..b-'" + ^b%i^<^^''^5Y^) (9) 

since one can regain the original Lagrangian by solving the equation of motion for 
and substituting the result in the Lagrangian. As noted in Ref. [10], we could 
also transform, in a similar way, the current- current interaction by introducing 
other auxiliary gauge fields a^. In what follows, we choose instead to consider only 
the introduction of auxiliary antisymmetric tensor fields and treat perturbatively 
the remaining four-fermion term. 

III. Fermionic functional integration. 
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Wc calculate the effective action for non-abelian gauge fields and antisymmetric 
tensor fields, which we treat as low-energy external fields, by integrating out the 
fermions 

(10) 

where = ia'^'^j^b'^^,. The first two terms, being external fields, can be put out 
of the functional integral. The last term makes the integration difficult since it is 
not quadratic in the fermionic fields. Instead, we expand it in a power series in gi 



(11) 

where 5*0 = tl>{i0 — m + g4^"'\ + ^"'■y)'^ represents the bihnear fermionic action. 
Using the approximation of vacuum domination we are able to rewrite the current- 
current interaction in the form 



/ r \ « ^^^^ 



and the effective action can be rewritten to order gi by reconstructing the expo- 
nential as 

where (j^) is the current expectation value and where the fermionic contribution 



r(^^ ^-iTr \ogii0 -m + grY+^Y^ 

n=l ^ ' 



(14) 



will be evaluated in a derivative expansion up to two derivatives on fields. In the 
last equality the trace is taken over spinor indices, group indices and momenta. 
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Let us start with a global explanation of our strategy. In contrast to the 
abelian case where an effective theory for photons was derived only up to two- 
point functions [that is n = 2 in eq.(14)], in the non-abelian effective theory, we 
will need to go up to four-point functions. The reasons for this will become clear in 
the course of the calculations. In part this is guided by the presence of the SU(2) 
gauge invariance and also by noticing that the self-coupling of the non-abelian 
gauge fields already contains terms with four fields due to the nonlinearity of the 
theory. Competition against those expressions will result in our model. 

The contribution to Fefj quadratic in non-abelian gauge fields and in antisym- 
metric tensor fields is obtain when we put n = 2 in the last expression 

We evaluate it using the cutoff parameter A at which our model (3) is defined in 
order to control the infinite logarithmic divergence. To ensure the SU(2) gauge 
invariance with respect to ^4^, we use a Pauli-Villars regularization in conjunction 
with the cutoff regularization method when computing its kinetic part. Three 
different quantities are obtained : 

r(^)[A«,yl^] = -^^2^«&iog(A2/m2) J d''xAl{g^^{idf-id^'id-)Al 
T\l\A-,h^] = ^^gS-hogiA'/m^) I d^x e^^^^ipd^Al, 

rf,-^)[6«, 6^] = _L5«6iog(AVm2) j d'^x (m^b'''i'%^ + h'^''[gP''{idf - 4{id''){idP)]bl 

(16) 

Note that we have kept only the leading contributions since we have assumed that 
A » m. The calculations to this order do not differ from the abehan case (c.f. 
Ref.[10]) except for the overall group theoretic factor tr(^^). 

Next we compute the three and four-point functions involving only gauge fields. 
This is done by putting n — 3 and n — A respectively. Since gauge invariance needs 
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to be respected with respect to A^^, we continue to use a gauge invariant regulator 
i.e. the Pauh-Villars method in conjunction with the cutoff. The resuh then 
completes the first term of Eq. (16) to form the kinetic energy and self-coupling 
F^i,F°'''^^ with its logarithmic divergence. 

The rest of the calculation is performed with at least one antisymmetric tensor 
field. We compute the three-point amplitudes. We obtain three different contribu- 
tions. The most interesting one is given by 

because it completes the second expression of Eq. (16) in order to make it SU(2) 
gauge invariant. This is the desired B A F-term. The second less important but 
still present contribution is 

Y^P\A\h\\f\ = ^5e«^^log(AVm2) J d^2A->^[2b'l,{td-)bl^ + {td^)b'^,b^:] 

+ 2A-[26j;,(i9^)6- + (i9^)6^,C] - A-[6^,(i9«)6-^'^ + {ida)bl,Wn) 

(18) 

The last three-point contribution contains three antisymmetric tensor fields 
r^Q^b"- , b^ , b^] and carries also a logarithmic divergences. Fortunately, it is not 

necessary to compute it here since our scaling argument (see below) will help us 
to remove it from the effective theory. We request the reader to keep this in mind. 

Finally we have to compute the four-point amplitudes by taking n = 4 in 
Eq. (14). As stated before we have computed the quartic term in A^. The two ex- 
pressions involving one or three fields (t'^J^ [A", 6^ 6^ b'^] and rf,-^^ [A", A^ b'^]) 
vanish since they involve a trace over an odd number of gamma matrices. The quar- 
tic contribution involving antisymmetric tensor fields does not need to be evaluated 
(again see below). Then, the only remaining quantity to be computed is the one in- 
volving two A'}^ and two fields. Evaluation of the leading ultraviolet divergence 
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for T^J\A'',A\b'',b'^] gives 



J d'^x(2A'"'A'"'biy^'' + 2A'"'A'"'b''^^bt'^ - A^t^A^blJ) 

(19) 

where A'*^'^'^ = [^^("TTtV) ~ ^f^'*'^'^^^] , which is a sum of products of two delta. 



This completes the computation of the radiative corrections to one-loop order. 

IV. Low-energy effective action. 

We are now in a position to evaluate the current, which will allow us to find 
the first order correction in gi to the effective action. Prom Eqs. (16)-(19), the 
effective current arising from the presence of matter coupled to the non-abelian 
gauge fields is given by 



^^"'^ = JAI=^^ log(AVm2)e^M-(9^i,a^ + e^H^Al) 

H n^°-^^\(^ff(K'^lm'^\\9}P^(iFl.\}f'"^ ^ 1 (20) 



-^ge-'^\og{K'lm')[2bl\idaW + 

+ -X,g^I^''^"^\og{K^/7r?)[2A^''biy^'' 
Stt 



where the ellipsis represents contributions to the current of the same form as the 
term displayed in the corresponding square bracket but with shuffled indices. Note 
that the first expression above can be rewritten as 



log(AVm2)e^'^^"i/f 



247r2 



where H^^^^ — {Dab^i, + cyclic)*^ and is the covariant derivative written in the 
adjoint representation of the Lie algebra. 
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Now is time for serious recollection of the results. The effective current enters 
the effective action to order gi upon squaring Eq. (20). The current- current in- 
teraction therefore contains a logarithmic divergence squared. In order, to write 
an effective theory with antisymmetric tensor fields and non-abelian gauge fields 
treated on the same foot, and for which the kinetic term of the antisymmetric 
tensor fields has no scale dependence at the tree level, we need to rescale as 



V^^log(AVm2)6«,^6«, (21) 



Without any further assumptions, we obtain for the low-energy effective La- 
grangian density, 

Aff = - If^^.F'^^'^ (l + log A!) + + ^e^/^-'^fe^.F;, 



1 f 167r4 \ / m2 , A2 



2g2 V^im2iog(A2/^2) J \^47r2^" J 

^2 



1 / 7r2 



I ( .,^2j,(lv^2) ) {2A-[26i.(a«c) + i8%M + ...} 



V 

^m2l0g(A2/m2); " ^ V-a^^wL-^ -pa 



(22) 

where the first and third to the sixth term in Eq. (22) were obtained by direct 
computations. The second and the last two are instead obtained by squaring 
the effective current. Incidentally, we left uncomputed the and 6^ expressions 
because these are suppressed by more than one logarithm of the scale A. Eq. (22) 
corresponds to the effective action we wanted to order four in fields. 

We now proceed with approximations that will help us to recover the claims 
stated in the abstract. In order to eliminate the mass term for the antisymmetric 
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tensor fields, we impose that the cut-off A satisfy the gap equation 

rr? = Aag-^'rVm^ff^ (23) 

which goes within the perturbative expansion argument that the couphng g2 is 
small for sufficiently large A and fixed fermion mass. Upon using the gap equation, 
we next assume that the ratios 



gimp' \og{Is? / w?) 

and 

■sjgim?' log(A2/m2) 

are small, which permits us to smoothly get ride of the unwanted remaining ex- 
pressions in Eq. (22). The second ratio (25) is a necessary extra condition present 
only in the non-abelian theory. 

With the assumptions given above, and upon renormalizing the coupling con- 
stant g by absorbing the logarithmic divergence present in the first quantity, we 
obtain a low-energy effective Lagrangian of the form 

Aff = -\fI,F-^^ + + 4^5e«^'^'^6«^F;, (26) 

valid up to energy m and which describes massive SU(2) non-abelian gauge fields 
with mass -4^ [see appendix]. 

V. Conclusions. 

We have succeeded in functionally integrating the four-Fermi theory to end up 
with an effective h A F-theory in agreement with the model proposed by Lahiri 
^ but different than the one proposed by Preedman-Townsend. It is interesting 



92 
4^1 



992 
"^^91 



(24) 



(25) 
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to note that we did not reproduce Freedman-Townsend's model (2) because the 
nonhnearities in the antisymmetric tensor fields are suppressed by the cutoff A. 
This is perhaps unfortunate because the F-T model has higher reducible vector 
gauge invariance and behaves properly for renormalization purpose However, 
it has been shown to have unitarity problems in tree-level scattering 

In the appendix, we have performed an analysis to count the degrees of freedom 
of the theory (26) . We have shown that it does indeed contain, for each color, 
two massive transverse modes combined with a massive longitudinal mode of the 
same mass, which is necessarily interpreted as the third degree of freedom for the 
non-abelian gauge fields. 

Of course, our presentation of the counting of degrees of freedom here is re- 
stricted to the study of the Lagrangian's bilinear part and more has to be said in 
order to understand the interactions of the model in this basis. Renormalizability 
and unitarity of model (26) deserve an other study and generalization to include 
SU{2)i X U{1)y are presently under investigation. 
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Appendix: Physical Content. 



It remains to show that the model in Eq. (26) has the proper number of degrees 
of freedom necessary to insure a description of massive non-abehan gauge fields. 
We follow Ref.[8] and absorb the gauge field coupling constant into the gauge 
fields for convenience. It is well-known that the pure gauge field part of the the 
Lagrangian density (26) can be written in terms of the canonical variable A'* and 
the electric field (its conjugate) in the following way 

= -^|aoA«-E« + -(E«-E« + B«-B«) -^g((D •£)«)} (27) 

where the electric and magnetic fields are 

E« = - -VAg - doA"" + e^'^^A'^A^Q 

2 2 

and the magnetic field can be read as a function of the variable A". In this way, 
Aq is then easily identified as the Lagrange multiplier. 

Upon integration by parts, the second term of the Lagrangian (26) can be 
written as 



CbF = -^v'^'^'A^ + :5-^e«^^ [2Ag • A'^ - b'* • (A^ x A^)] (29) 
V^i V^i 



and the kinetic energy (and three and four bosons couplings) for the antisymmetric 
tensor fields as 



jCjj, = -v^v" + e""^" [Agv'' • - v^A^ ■ aF + (v« x A'') • b'^] 

1 2 1 (30) 

- T [AlA-^lX'' - A^A-niX^] + KKb^K' - A^AlbrK-] 
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where we introduced the convenient notation 



^ ^^ijkf^a^ (31) 



The dynamical content of the theory is located in the bilinear part in fields. In 
order to exhibit the physical content of the theory, we use the non-abelian gauge 
invariance of the theory together with a change of variable motivated by the vector 
gauge invariance of the Lagrangian (26) up to the bilinear part in fields. In order to 
proceed, we define vectors in space by the known decomposition into longitudinal 
and transverse part: J = Jt + Jl such that V • Jt = and V x J;^ = 0. In a 
non-abclian theory such as the present case, it is always possible to choose for a 
fixed vector n^, non-abelian gauge fields n^AJ^ = 0. We choose this gauge fixing 
condition such that = 0. In this gauge, the Lagrangian's bilinear part in fields 
is 



'bilinear 



1 r 



2^^ 



1 



V9i 



2 " " 2 



(32) 



where Vrj = —V • a" and v" = V x b" + 9oa". 



Next, we note that the above Lagrangian's bilinear part in fields is invariant 
under the vector gauge invariance 

b% = b% + O^T: - a.r« (33) 

without changing the non-abelian gauge fields. Eq. (33) is not an invariance of the 
full Lagrangian. Perhaps this is unfortunate, but we can still use a field redefi- 
nition to uncover the physical degrees of freedom of the theory at the expense of 
introducing complications in the interactions. For instance, we can always redefine 
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the antisymmetric tensor fields such that 



a" = 



(34) 



that is, the new vector field a" has no transverse part and the b"-field has no 
longitudinal part. Indeed, it is sufficient to take 

V X af. 



ra 
rp 



J- 



V2 

V • (b'^)L 

V2 



(35) 



Equipped with this field redefinition, we substitute in the Lagrangian 

a« ^ a" + V X rf, 

b« ^ b'* + doT^ - Vrg 

with a" and b" given by eq.(34), to obtain 



(36) 



^bilinear 



2^2 
1 

V9i 



AgV • a« + (V X b" + doSL") ■ A'^ 



(37) 



- ^a« • V^a** _ l(v X b'^ + 9oa'*) • (V x b« + ^oa'^) 



showing clearly that the fields and b" do not propagate, as it is the case for a^ 
We eliminate the fields Aq and b*^ by using their equation of motion to the 



and hi- 



order considered Aq = — -^J^V • a" and b" = — -^^^^ and substitute these 
into the bilinear part of the Lagrangian (37), we get 



^bilinear ^ _ -^a . _ ^^ a« + ^a"^ . (□ - ^)a« 

2r 91 2 gi' 
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(38) 



exhibiting in this way the physical content of the theory, that is for each group 
direction, two transverse modes with mass -j=- and one longitudinal mode with the 
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same mass. Since the transverse modes have gained a mass from its couphng to 
the antisymmetric tensor fields, we are led to interpret the longitudinal mode as 
the third degree of freedom for each massive non-abelian gauge fields, a = 1,2,3, 
hence the Lagrangian (26) describes massive non-abelian gauge fields without any 
residual degrees of freedom. 

Of course, the interactions have been modified by this choice of variables but 
writing the interactions in this basis would not be enlightening, so we do not pursue 
this further since we have achieved the desired result of computing the number of 
degrees of freedom. 
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